Abstract. In this paper, we establish necessary and sufficient conditions for an exchange ideal to be a qb-ideal. It is shown that an exchange ideal I of a ring R is a qb-ideal if and only if whenever a∼b via I, there exists u ∈ I −1 q such that a = ubu In [3], Ara et al. discovered a new class of rings, the QB-rings. We say that R is a QB-ring if aR
such that a = ubu In [3] , Ara et al. discovered a new class of rings, the QB-rings. We say that R is a QB-ring if aR + bR = R with a, b ∈ R implies that a + by ∈ R −1 q for a y ∈ R. An ideal I of a ring R is a QB-ideal in case aR +bR = R with a ∈ 1+I, b ∈ R implies that a+by ∈ R −1 q for a y ∈ R, where R −1 q = {u ∈ R | ∃a, b ∈ R such that (1 − ua)⊥(1 − bu)}. In this paper, we introduce the notation of qb-ideal as a natural generalization of that of QB-ideal. Let I be an ideal of a ring R. We say that I is a qb-ideal of R in case aR + bR = R with a ∈ I, b ∈ R implies that a + by ∈ I −1 q for a y ∈ R. Recall that R is an exchange ring if for every right R-module A and any two decompositions A = M ⊕ N = i∈I A i , where M R ∼ = R and the index set I is finite, then there exist submodules A i ⊆ A i such that A = M ⊕ ( i∈I A i ). An ideal I of a ring R is an exchange ideal provided that for every x ∈ I there exist an idempotent e ∈ I and elements r, s ∈ I such that e = xr = x + s − xs (cf. [1] and [11] ). Clearly, every ideal of an exchange ring is an exchange ideal.
The main purpose of this paper is to establish necessary and sufficient conditions for an exchange ideal of a ring to be a qb-ideal. We prove that an exchange ideal I of a ring R is a qb-ideal if and only if whenever a∼b Throughout, all rings are associative with identity. An element x ∈ R is regular provided that x = xyx for a y ∈ R. We say that x, y ∈ R are centrally orthogonal, in symbols x⊥y, if xRy = 0 and yRx = 0. We use R
Lemma 1. Let I be an exchange ideal of a ring R. Then the following are equivalent:
(1) I is a qb-ideal. Proof.
(1) ⇒ (2) Given any regular x ∈ I, we have a y ∈ R such that x = xyx. Hence x = xzx and z = yxy ∈ I. From zx + (1 − zx) = 1 with z ∈ I, we can find a w ∈ R such that z
(2) ⇒ (1) Suppose that ax + b = 1 with a ∈ I, x, b ∈ R. Then b ∈ 1 + I. Since I is an exchange ideal of R, there exists an idempotent e ∈ R such that e = bs and 1−e = (1−b)t for some s, t ∈ R by [1,Lemma 1.1]. So (1 − e)axt + e = 1; hence, (1 − e)axt(1 − e)a = (1 − e)a. This infers that (1 − e)a ∈ I is regular, and then we have a
q . As u ∈ 1 + I, we deduce that w ∈ 1 + I. On the other hand, b ∈ 1 + I, we have y ∈ 1 + I. Therefore a + by ∈ 1 + I. Similarly to [6, Theorem 1], we deduce that a + by ∈ R −1 q , as required. such that ux ∈ I is an idempotent.
Since I is an exchange ideal of R, by [1, Lemma 1.1], we have an idempotent e ∈ 1 + I such that e = bs and 1 − e = (1 − b)t for some s, t ∈ R. Analogously to Theorem 2, we claim that (1 − e)a ∈ I is regular. Hence there exists (1)I is a qb-ideal. (2) ⇒ (1) Suppose that ax + b = 1 with a ∈ I, x, b ∈ R. Since I is an exchange ideal, there exists an idempotent e ∈ R such that e = bs and 1−e = (1−b)t for some s, t ∈ R. Analogously to Theorem 2, (1−e)a ∈ I is regular. So we have a u ∈ R −1 q and an idempotent f ∈ I such that (1 − e)a = f u. Hence f uxt + e = 1. Thus f uxt ( 
q . According to Lemma 1, we complete the proof. 
Proof. In view of Theorem 2, I is qb-ideal of R if and only if I
op is a qb-ideal of R op . Therefore we get the result by Theorem 5.
Theorem 7. Let I be an ideal of a regular ring. If eRe is a QB-ring for all idempotents e ∈ I, then I is a qb-ideal of R.
Proof. Given any regular x ∈ I, by [10, Lemma 1.1], there exists an idempotent e ∈ I such that x ∈ eRe. Since eRe is a regular QB-ring, by Corollary 6, we have an idempotent ef e ∈ eRe and an element eue ∈ (eRe) −1 q such that x = (eue)(exe) = (eue+1−e)(exe). Clearly, exe ∈ R is an idempotent. As eue ∈ (eRe) Recall that an ideal I of a ring R is strongly π-regular provided that for any x ∈ I there exist n(x) ∈ N and y ∈ R such that x
y.
Corollary 8. Every strongly π-regular ideal of a regular ring is a qb-ideal.
Proof. Let I be a strongly π-regular ideal of a regular ring R. Given any idempotent e ∈ I, then eRe is a strongly π-regular ring. So eRe has stable range one; hence, eRe is a QB-ring. Therefore we get the result by Theorem 7.
We say that a∼b via I if there exist x, y, z ∈ I such that a = zbx, b = xay, x = xyx = xzx. [5, Lemma 3] shows that every exchange QB-ideal of a ring is a qb-ideal. It is well known that M n (I) is an exchange QB-ideal of M n (R) in case I is an exchange QB-ideal of R. We naturally end this paper by asking a question: If I is an exchange qb-ideal of a ring R, is M n (I) an exchange qb-ideal of M n (R)?
